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1. Introduction 

While general relativity has a beautiful and compact formulation in terms of the Einstein- 
Hilbert action, it is striking that all simplicity is lost once attempts to view that same action 
from the perturbative (graviton) point of view. The simple and almost trivial problem is 
that there is no way to treat both the metric g^ u and its inverse as a background with 
a small single-term perturbative correction. As a consequence, the Einsten-Hilbert action 
explodes into an infinite series of terms when expanded about a fixed background: There 
is an infinite series of vertices of increasing order in the number of graviton fields. Beyond 
four-point scattering amplitudes this makes it essentially impossible to compute tree-level 
graviton scattering amplitudes on the basis of conventional Feynman-diagram techniques. 

A most surprising and powerful way to circumvent this obstacle to perturbative calcu- 
lations in gravity (or theories coupled to gravity) is provided by the Kawai-Lewellen-Tye 
(KLT) relation [1]. Based on the factorization of closed-string amplitudes into a product 
of two open-string amplitudes, it yields, in the field theory limit, a remarkable connection 
between gravity and Yang-Mills theory. This is totally obscure at the level of the actions 
of gravity and Yang- Mills theory. Symbolically, it tells us that gravity, as far as tree-level 
n-point amplitudes are concerned, is a very particular kind of 'square' of Yang-Mills theory, 

Gravity ~ {Gauge theory) x [Gauge theory) . 
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This is just the field theory limit of the KLT-relation, and because of its existence in the full 
superstring case, it really, more generally, relates supergravity theories to super Yang-Mills 
theories. The precise map in field theory has recently been derived by means of on-shell 
recursion for all n-point functions [2], 

M n = Yl A n (n-l,n, 7 ,l)S[-f\f3} Pl A n (l,(3,n-l,n) (1.1) 

7,/3eS„- 3 

Here, M n indicates an n-point gravity amplitude, and on the right hand side we have Yang- 
Mills n-point amplitudes (the possibility of combining two different kinds of Yang-Mills 
amplitudes A n and A n will be discussed in details below). The object S that glues the two 
Yang- Mills amplitudes together, the S-kernel [2], will be defined below. It serves in a very 
precise manner to remove the double poles of the amplitude product and, simultaneously, 
to ensure full permutation symmetry of the gravity amplitude. Note that in the sum 
above only permutation symmetry of n — 3 of the n legs is manifest. With a very simple 
modification, the S-kernel of field theory generalizes to the full string theory case [3]. 

In string theory, the factorization of closed-string amplitudes into two open-string 
amplitudes is not unique [1]. Indeed, the S-kernel that ties the two Yang-Mills amplitudes 
together is also not unique: there is a whole family of kernels that all do the factorization 
correctly. Conversely, this must imply amplitude relations on the Yang-Mills side. This 
intuition turns out to be correct: the Bern-Carrasco-Johansson (BCJ) relations that were 
first conjectured in field theory [4] and later shown to follow from monodromy in string 
theory [5,6], are intimately tied to the KLT-relations 1 . The BCJ-relations have also, 
like the KLT-relations, been derived in field theory by means of on-shell recursion [8,9], 
and the S-kernel of the KLT-map can be seen as a generator of BCJ-relations [2,3]. A 
variant of BCJ-relations that builds on numerators of given amplitude representations [4] 
constructs amplitudes for gravity by squaring numerators. This has been proven to give a 
remarkable alternative representation of gravity amplitudes by means of products of two 
Yang- Mills amplitudes [10]. Perhaps the most exciting aspect is that it points directly 
towards applications of KLT squaring relations also at loop level [11]. There are also 
applications of KLT relations directly at one-loop order [12]. 

A common theme in these recent developments is the appearance of surprising traces 
of Yang-Mills theory in perturbative gravity. From scattering amplitudes it is as if the 
color group is replaced by a kinematical group. This is an idea that originates in the 
way Jacobi relations of the color group in Yang- Mills theory have (generalized) mirrors in 
the kinematical factors that appears in numerators [4,13-16]. These notions have become 
beautifully synthesized in recent work of Monteiro and O'Connell [17], where, conversely, 
the diffeomorphism invariance of gravity re-surfaces in the kinematics of Yang-Mills theory. 
The connection between BCJ-relations and the weak-weak duality between gauge theory 
and gravity is more and more leading us towards an algebra of amplitudes [18]. This 
serves as additional motivation to establish the precise relationship between two (super) 
Yang-Mills theories and the associated (super) gravity theory as dictated by the KLT-map. 

1 See also [7]. 
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Several aspects of this gauge theory to gravity map can already be found, scattered through 
the scientific literature, in terms of specific examples. Here, we provide the comprehensive 
catalog of the maps between four-dimensional gauge theories with supersymmetries N = 
4, 3, 2, 1 and to the corresponding supergravity theories. The N = theory is nothing 
but pure Yang-Mills theory. Yet, as is well known, it maps not to pure Einstein gravity, 
but to gravity coupled to two real scalars: in string theory language an axion-dilaton pair. 

Indeed, the recent field-theory proof of KLT-relations [2] hinged in an essential manner 
on a corresponding set of "vanishing relations" [19], quadratic identities among Yang- 
Mills amplitudes that were proven independently. These vanishing identities correspond to 
gravity amplitudes with an odd number of (complex) scalars, which vanish. As observed 
in [20] , such identities indeed follow from string theory. Alternatively, if seen as embedded 
in maximally supersymmetric theories, they correspond to KLT-relations that violate R- 
symmetry on the gravity side [21,22]. It is interesting that even if one considers only the 
conventional KLT-map of vector bosons to gravitons with like helicities, the scalars never 
appear. Yet, as we have mentioned, they are essential for the proof [2] of these KLT- 
relations even in the complete absence of scalars as external states. Much can be learned 
already from this simplest example, since it shows that by gluing two pure Yang-Mills 
theories together through the S-kernel of the KLT-map, we do not get just pure gravity, 
and that the additional states on the gravity side are crucial for understanding the gauge 
theory to gravity map. Let us explain this in slightly greater detail. 

We start by considering gravity as the low-energy limit of string theory. It consists of 
the following states and their corresponding polarization tensors: 

• Graviton. e++(fc) = e+{k)e+{k) , e~-(k) = e-(k)e~(k) . 

• Axion. e^{k) = e+(k)e~(k) - e~(k)e+(k) . 

• Dilaton. e^ v (k) = e+(k)e~(k) + e~(k)e+(k) . 

Gravity amplitudes with axions and dilations have conserved quantum numbers, and these 
constraints lead to vanishing identities when combined with KLT-relations. To see the 
origin of these identities, let us present the action of this theory [23]. The four-dimensional 
coupled axion-dilaton gravity action reads as follows in the Einstein frame: 

S = i / d4x ^( R ~ " ^e-^H^H^) . (1.2) 

The Poincare dual of H^ vp is the axion, 

d^b = l - e -^e^ pa H^P . (1.3) 

We can now combine the axion and the dilaton into the complex combination z = b+ie~ 2< ^, 
leading to 

s ._L| M ( fl _iJ^). (1 . 4) 
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Here, z takes value in the upper complex plane, as can be seen from its definition. This 
upper part of the complex plan is the moduli space of this theory, which has an SL(2,M) 
global symmetry: 

9tw !->• flW , z i-> QZ , ad-bc=l. (1.5) 
cz + a 

We may choose the vacuum expectation value as (z) = i. Then the remaining manifest 
symmetry is U(l), 

I a b \ _ I cos 9 sin 9 \ 
\c d) \ — sin 9 cos 9 j 



(1.6) 



We can also perform a redefinition of the scalar field in order to make the symmetry linearly 
realized. This is achieved by 

+ *, (1.7) 



1 + IKW 

which is a Mobius transformation which transforms the upper half plane to the Poincare 
disc, \w\ < 1/k. The action then becomes 

and the £7(1) symmetry acts on w as w i— y e 2t9 w. This charges the states ^(k)e~ (k) 
and e~(k)e^(k). The origin of the vanishing identities as arrived from KLT-relations is 
now clear. The action of the remaining two generators of SL(2, M) changes the vacuum 
expectation value of z. The axion and the dilaton can thus be regarded as the two Goldstone 
bosons associated with the global symmetry breaking SL(2,M) ~ SU(1, 1) — > U(l). We 
will see analogs of these two Goldstone bosons in all the cases to be discussed below. In the 
maximally supersymmetric case, the scalars live in the well-known coset of £7(7) /SU(8) . 

The pure gauge theory case discussed above gives a very direct proof of the vanishing 
identities. However, as stressed in ref. [22], it can also be profitable to understand these 
identities from violation of i?-symmetry in the maximally supersymmetric version of the 
KLT-map. This may appear puzzling, since supersymmetry plays no direct role in the 
identities themselves. However, in taking such a top-down approach, one sees every single 
four-dimensional KLT-map between gauge theory and gravity as a sub-map of the maximal 
map between two N = 4 super Yang-Mills theories to Ng = 8 supergravity. Crucial in 
this connection is a most powerful extension of the proof of the KLT-formula in terms of 
superfields by Feng and He [21]. We shall here use this extended KLT-formula to project 
out more and more fields from the maximally supersymmetric case, in this way generating 
a complete catalog of KLT-maps between theories with less and less supersymmetry in 
four dimensions. The M = 4 superfield of Nair [24] and the associated definition of a 
superamplitude out of given helicity amplitudes, is essential in this context. For each entry 
in the KLT-table we identify global symmetries including ^-symmetries, if applicable, and 
these symmetries determine the set of vanishing identities. 

Our paper is organized as follows. In section 2 we briefly review the KLT-relation and 
its generalization to maximal supersymmetry in its superfield formulation. In section 3 we 
discuss the KLT-relations in superfields for M < 4 super Yang-Mills theories, and describe 
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the full set of supergravity theories that can be obtained from KLT products. As an aid in 
the construction, we introduce a graphical tool ( "diamond diagrams" ) for KLT-relations of 
non-maximal theories. In section 4 we study the invariant symmetry groups that emerge 
naturally from KLT products for the various supergravity theories. Conclusions and an 
outlook are given in the final section. 

2. A brief overview of KLT-relations 

The full, stringy, KLT-relation [1] has recently been shown to take the following explicit 
form [3] 2 : 

M ciosed = Y^AT n (n - l,n, 7 ,l)5 a 4 7 |/3] Pl ^r n (l,/5,n - l,n) , (2.1) 

where we sum over two sets of (n — 3) permutations /3 and 7. The momentum kernel S a > 
glues two open string-theory amplitudes A°n en , A^ en together to form the closed string- 
amplitude M^ losed . The explicit form of S a /, given in ref. [3], resembles very much its field 
theory analog S, which will be defined below. The two open string amplitudes may be 
bosonic or supersymmetric depending on whether the closed string amplitude is bosonic or 
supersymmetric. Alternatively, one of the open string amplitudes may be bosonic and the 
other supersymmetric if one wishes to construct a heterotic string amplitude 3 . This implies 
that in the field theory limit, we can either have KLT-relations between gravity and Yang- 
Mills theory, or we can have relations between supergravity and super Yang-Mills theories. 
The a'-dependent momentum kernel S a i is totally independent of the types of closed and 
open strings considered, and thus the relation ( p.ip is completely general and universal. 
In the field theory limit of a' — > 0, the momentum kernel S a > reduces directly to the field 
theory S-kernel. Therefore also in field theory the S-kernel is universal, and independent of 
whether the involved Yang-Mills and gravity amplitudes arise in supersymmetric theories 
or not. 

It is clear, then, that in the field theory limit, the KLT-relations express a given gravity 
amplitude as a particular sum of gauge field amplitudes squared. An explicit expression of 
this relation with manifest (n — 3)! permutation symmetry has been proven to be [2] 

M n = Mn-l,n,7,l)S[j\p] Pl A n (l,p,n-l,n) , (2.2) 

7, / 3€S , „_3 

where 7 and (3 are permutations over the legs 2, . . . , n — 2 and the S-kernel is defined by 

m m 

S[h, . . .,im\h, ■ ■ ■ Jrnlm = Y[( s hi + ^2 e ( i uiq)si t i q ) , (2.3) 

t=X q>t 

with 




1 if i a appears after % in the sequence . . . ,j m } 
if i a appears before % in the sequence . . . ,j m } 



2 The relation that is derived from the low-energy limit of string theory comes with an overall irrelevant 
sign factor [3] which we ignore in this paper. 

Some explicit examples can be found in refs. [25]. 
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The shown expression is not unique: there is a whole class of different but equivalent KLT- 
relations written in terms of S-kernels [2,3]. One of these, the one containing fewest terms, 
coincides with an explicit representation conjectured already in Appendix A of ref. [26]. 

As discussed in the introduction, the KLT-formula fl2.2| ) is quite surprising since the 
gravity amplitude on the left hand side receives contributions from Feynman diagrams with, 
depending on the number of external legs n, graviton vertices that continue up to infinite 
order while the Yang-Mills amplitudes on the right hand side of course receive contributions 
of only three- and four-point vertices. Another surprising aspect of the KLT-relation is that 
Yang-Mills amplitudes are colored objects, but gravity should know nothing about color. 
Magically, it is only the color-stripped Yang-Mills amplitudes that enter. But these are not 
symmetric under permutations of the external legs, while of course the gravity amplitude 
is totally symmetric under such permutations. Though not obvious, the right hand side of 
J2.2|) is indeed symmetric under permutations of all n legs, rather than just the manifest 
symmetry under (n — 3)! of such permutations. Finally, there is magic with respect to 
locality. A simple Feynman-diagram analysis quickly shows that the product of two gauge 
theory amplitudes has double poles that cannot be allowed in a gravity amplitude. The 
S-kernel cleverly manages to precisely cancel these unwanted double poles, rendering the 
correct behavior required for the gravity amplitude on the left hand side. A crucial series 
of very finely tuned cancellations clearly occur in the KLT-relation. It is from this point 
of view even more striking that the S-kernel is not unique, and that a whole series of 
such kernels can do the job. This is precisely the origin of the BCJ-relations, which can 
be viewed as a consequence of the equivalence between these different parametrization of 
the KLT-relations. 4 Indeed, as also mentioned in the introduction, the S-kernel can be 
regarded as the generator of BCJ-relations [2,3]: 

S[(T2,n-l\j2,- ■ ■ Jn-l] Pl A n (n,(T2,n-l,l) = 0. (2.4) 

For a more detailed review of the above see [27]. 

In order to compactly phrase the KLT-relations for supersymmetric theories with a 
possible large set of different external states, it is convenient to introduce the superfield 
description of those relations [21,22]. For maximally supersymmetric theories, we arrange 
all on-shell component fields listed according to their helicities into a single superfield [24]. 
We recover all component fields by an expansion of the superfield in the associated Grass- 
mann variables n. The particle states of D = 4, N = 4 super Yang-Mills theory are 
two gluons g+ , gi 234 , four pairs of gluinos fi , f® bc and six scalars s ab satisfying the reality 
condition s ab = e abcd s c d/2, where s ab = s' b . They transform under SU(A)n symmetry as 
anti-symmetric products in the fundamental representation and therefore carry the anti- 
symmetric fundamental S'f7(4)/j indices a, b, ■ ■ ■ = 1,2, 3, 4. We pack them together into an 
M = 4 superfield 

<i>^= 4 = g+ + r, a f% + ^ w ab + ^ V aVbVcfl bc + vmmw 1 - 234 , (2.5) 

4 A first example of this, at the six-point level, was already implicit in the original KLT-paper [1]. 
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where the ?y a 's are Grassmann variables labeled by SU(A)n symmetry indices. In the on- 
shell formalism the supercharges are given by 

which relates all the 16 states in one supermultiplet. 

It is useful to think of the <3?'s as super-states and introduce a superamplitude 

^= 4 ($ 1 ,$ 2 ,...,$ n ), 

which represents a sum of amplitudes of all different helicity assignments and choices of 
external states. The expansion coefficients, which uniquely identify a given component 
helicity amplitude, are precisely the r/ a 's, one set for each external line. Because the ampli- 
tudes must be invariant under SU (4)# symmetry, this puts constraints on the combinations 
of indices that can occur for non-vanishing amplitudes. Hence many of the amplitudes in 
the direct expansion will vanish since they are SU{4)r symmetry violating. Schematically, 
what is left is thus an expansion of the form 



^= 4 = E A n HV (vf + E ^ MHV (V) U + --. + E A n H V (r>) 4n - 8 ■ (2-7) 

where each SU(4:)r symmetry index (a = 1,2,3,4) appears the same number of times in 
each monomial of the r/ a 's. Here A^ kMHV denotes the actual component helicity ampli- 
tudes. They can be extracted from the superamplitudes by acting with the corresponding 
differential operators (or integrals) that single out the desired components. 

The Ng = 8 supergravity theory has an on-shell formalism that is completely analogous 
to N = 4 super Yang-Mills theory. The superfield of Ng = 8 supergravity contains one 
graviton h±, 8 gravitinos ip±, 28 graviphotons v±, 56 graviphotinos \± an d 70 real scalars 
4>. It can be represented as 

$Ar G =8 = h + + r/ A V+ + ^VAVBV^ B + ^VAVBVCxi BC + ivAVBVCVD(p ABCD 
+ ^r] A ri B ricri D riEX ABCDE + ^VAVBVcVD'nEr]FV A : BCDEF 

+^riAVBVc'riDVE'riFVG^- BCDEFG + mmmvimm'nrnsh 1 - 345678 , 

and we can likewise introduce superamplitudes for Ng = 8 supergravity amplitudes, 

M£fc= 8 ($i,$ 2 ,...,*n) • 

When analogously expanded out in terms of the r^'s, this gives a sum of all possible 
component amplitudes M^ kMHV dressed with strings of t^a's, where the capital letters 
run from 1 to 8. The SU(8)r invariance dictates that only amplitudes dressed with a string 
of t)a 's where each A index appears an equal amount of times can be non- vanishing. 

In this on-shell formalism, the KLT-relations between maximally supersymmetric su- 
pergravity and super Yang-Mills theories can be formulated in an extremely compact way. 
As is perhaps now almost evident, the n-point KLT-relations between Ng = 8 supergravity 



-7- 



super amplitudes AA^ G 8 and the product of two N = 4 super Yang- Mills superamplitudes 
can be wrapped into 

M^= 8 = Yl ^f =4 (n-l,n, 7 ,l)5[ 7 |/3] Pl ^= 4 (l,/3,n-l,n) . (2.8) 

Here 7 and /3 are again just permutations over the legs 2, . . . , n — 2 and the S-kernel 
is the same as defined in Q. M% G=8 ,A%= 4 and _4^= 4 are the superamplitudes of 
on-shell superfields as defined above. This maximally supersymmetric KLT-relation has 
been proven by BCFW on-shell recursion relations by Feng and He [21]. The superfield 
expansions on each side automatically yield all the correct component relations when the 
ry's on the supergravity side are correctly identified as the union of r/'s of the two super 
Yang-Mills theories. The explicit operator map of states between the two N = 4 super 
Yang-Mills theories and Nq = 8 supergravity has been worked out in ref. [28]. 

Interestingly, the superamplitude formulation of the maximally supersymmetric KLT- 
relation of eq. ( |2.8D contains all information required to construct KLT-relations for the- 
ories with less supersymmetry as well. Superamplitudes for supersymmetric Yang-Mills 
theories with less than maximal supersymmetry were introduced in [29]. Since SU{8)r D 
SU (4)r ® SU (4)#, there is perfect matching between SU (4)r indices 1, 2, 3, 4 of one J\f = 4 
super Yang-Mills amplitude A^f =4: and SU(4)r indices 5,6,7,8 of the other amplitude 
A^f =4: . The product will label all states in the Nq = 8 supergravity theory with SU(8)r 
indices 1, 2, . . . , 8. In order to get the component KLT-relations, we need only to expand 
superamplitudes of eq. (|2.8| ) into their component amplitudes dressed with their strings of 
rji t A and r]i^ a , 77^'s, where i = 1, . . . , n, A = 1, . . . , 8, a = 1, 2, 3, 4 and 6 = 5,6, 7, 8. By pick- 
ing up the appropriate coefficients of //-strings on the left and right sides of eq. ( |2.8| ), and 
taking care of signs when exchanging Grassmann variables, we get the KLT-relations for 
component amplitudes. For example, if we wish to get the KLT-relation for a pure graviton 
MHV amplitude M n (hr , h + , . . . , h + ), from the Mg = 8 superfield expansion, we know 
that this amplitude is just the coefficient of the string n^=i Vi,A Y\a=i ^A on ^ ne nan d 
side of eq. (fD|. This string of 77's decomposes into Ul =1 m,a Yl a =l ^2,0 IIL5 Vi,b llLs ^2,6, 
whose coefficient on the right hand side is nothing but two pure-gluon MHV amplitudes of 
proper helicities. Thus the component KLT-relation for the pure graviton MHV amplitude 
is a sum of a product of two pure gluon MHV amplitudes with the S-kernel in-between and 
the corresponding permutations of the external legs. 

The superamplitude version of KLT-relations is actually far more powerful. In this 
maximally supersymmetric KLT-formulation we can consider the violation of SU (8)r sym- 
metry on the supergravity side, while each SU (4)/j symmetry of the super Yang-Mills side 
is kept intact. A^f =4: should be invariant under SU(4)r, and thus the power k of each 
r] a ,a = 1,2,3,4 should be the same. Similarly, also A^f =4: should be invariant under 
SU (4)r and the power k' of each rjb, b = 5, 6, 7, 8 should be the same. Seen from the super 
Yang-Mills side of the KLT-relation, the power k is not necessarily equal to k', but the 
product of these two super Yang-Mills theory amplitudes should produce a supergravity 
amplitude and hence possess SU(8)r symmetry. Thus if k ^ k' , the resulting supergravity 
amplitude will obviously violate SU(8)r symmetry and vanish [21,29]. We thereby get 
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vanishing identities of superamplitudes such as 

0= £ Af MHV (n-l,n n ,l)Sm Pl Af' MHV (hP,n-l,n), (2.9) 

7,/3es„- 3 

where k ^ k'. As we describe in a little more detail below, this explains all the vanishing 
identities originally found in [19], and gives the general prescription for how to obtain 
these identities systematically. For the pure gauge theory case, the analogous argument 
was given in ref. [20] 

We will present the non-maximal super symmetric KLT-relations in the next section. 
These super symmetric KLT-relations will also make the vanishing identities manifest in 
these cases. 

3. KLT-relations with less supersymmetry: the full map 

In this section, we derive the supersymmetric KLT-relations for Mg < 8 supergravity 
theories, by removing and integrating out components in the Mg = 8 formalism. 

We begin with a brief review of the on-shell super field formalism for super Yang- 
Mills theory. As is well-known, all states in a maximally supersymmetric theory are related 
under the action of supercharge generators Q a and Q a . This means that starting from the 
highest helicity state +h we can lower the helicity by 1/2 each time when acting with Q a 
all the way down to the lowest helicity state —h. Thus we can pack all states into one 
superfield (p.5|), and since $ M=i is CPT self-conju gate, this superfield is already complete. 
But for super Yang-Mills theories with N < 4, this is not true. For example, for the N = 2 
super Yang-Mills theory we have Q a ,a = 1,2. Starting from the +1 helicity state we can 
at most lower the helicity to 0, and hence we cannot reach the CPT-conjugate state of 
helicity —1. 

Following [29] we can always get one of the M < 4 superfields from a truncation 
of the M = 4 superfield by simply setting the unwanted r/'s to zero, i.e. 

^<4 = $AT=4| w+i) _ >v ^ . (3.x) 

For example, by setting 774 — > in ( [2.5D , we get 

$^=3 = g++ rjj- + l Va ri b s ab + vmvsf 1 - 23 , (3.2) 

where a,b = 1,2,3. This superfield contains one plus-helicity gluon, three plus-helicity 
fermions, three real scalars and one minus-helicity fermion. It is therefore not complete and 
we should add the CPT-conjugate superfield. This additional superfield can be obtained 
by integrating out the unwanted r/'s in eq. ( ^.5[) . We therefore introduce another M < 4 
superfield by 

^< 4 = / II dr la^ =4 ■ (3.3) 
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Figure 1: Diamond diagrams for superficlds of super Yang-Mills theories with increasing amount 
of supersymmetry. The SU(Af)n indices a, b, c are labeled as superscripts, where a < b < c with 
a,b,c = 1,2, ... , A". The hidden indices, which refer to where they originated from in the maximally 
supersymmetric multiplet are indicated in parentheses. The numbers inside the diamonds show the 
number of corresponding states on each horizontal line. 



As an example, for A^ = 3, we have 



Af=3 _ f (4) 



#(4) aU) , 1 P o6(4) 123(4) ,„ .s 



2! 



where a,b = 1, 2, 3. The index 4 is placed in parenthesis because the corresponding Grass- 
mann parameter 774 has been integrated out. We have only indices 1,2,3 for the SU(3)r 
symmetry in M = 3 super Yang- Mills theory, and the index 4 is what we will call a hidden 
index from SU(4)r. Although it has nothing to do with the SU(3)r symmetry, we keep it 
for reasons that will be explained in the next section. Using the combined <E>-\I/ formalism, 
all states now have their CPT-conjugate partners, and it is thus complete. The M < 4 
superamplitudes can now directly be obtained from the M = 4 superamplitudes. Suppose 
the i\ < 12 < ... < i m external legs are in the ^ superfield representation, while the 
il < 32 < ■ ■ ■ < ji external legs are in the $ representation and m + I = n. The M < 4 
superamplitude is then 



AAf<4: 



4 4 

/ n dr, luai ... n d mmtam A^=\^^ 2 ,...^ r . 



.(3.5) 



In order to keep track of fields in a systematic and graphical manner, we introduce a 
diagrammatic notation which we have found useful. The idea is to express the superfields in 
terms of (generalized) "diamond diagrams" , which keep track of helicities and i?-symmetry 
quantum numbers. A diamond is a set of on-shell component fields which are all related 
by supersymmetric transformations. A diamond may not be a full supermultiplet since it 
may not be CPT complete. We illustrate this in figure [l] for all four super Yang-Mills cases. 
We use solid lines to connect all states that are related under operation by supercharges. 
This means that we can reach all states within one diamond by applying Q a or Q a a 
sufficient number of times on any arbitrary initial state. In contrast, there is no way to 
reach states in a different diamond by a similar procedure. The diamonds without hidden 
indices represent $ superfields while those with hidden indices represent superfields, the 
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CPT conjugates of <I> superfields. Superamplitudes of these superfields should be invariant 
under their SU(N)r transformation. This puts constraints on the corresponding SU(N)r 
indices a, b, c, but clearly not on the hidden indices inside parentheses. 

The convenience of using this diamond representation is that we straightforwardly can 
obtain all states on the supergravity side from the product of two super Yang-Mills theories 
while we explicitly keep track of both the SU(N)r and the hidden indices. It is also easy 
to count the number of states on the supergravity side. We can construct diamonds for 
superfields of all the different supergravity theories. For maximal Ng = 8 supergravity we 
evidently need only one diamond, which contains all states from helicity +2 to helicity —2. 
Analogously to the situation on the gauge theory side, for Ng < 8 we need more than one 
diamond to express a complete set of states in the supergravity theory. 

3.1 The equivalence of N = 3 and N = 4 super Yang-Mills theory 

Before proceeding to the Ng < 8 super-KLT relations, we want to briefly dwell on the 
equivalence of N = 3 and N = 4 super Yang-Mills theories. This is textbook material, 
but it is instructive to see it in the light of our diamond representation. We find it directly 
from the diamonds in figure |l[ for the N = 3 superfields, the two diamonds combined will 
contribute with one gluon, four fermions and six real scalars, which is exactly the same 
as the field content of N = 4 super Yang-Mills theory. We can recover 774 of <I^ =3 and 
combine the two superfields $-^ =3 and ^- / ^ =3 in the following way 

$^ =3 + r/ 4 ^= 3 • (3.6) 



Using results of eqs. (3^) and (|3.4|) we immediately see that 

$^= 3 + 774^=3 = § N=A , (3.7) 

which means that the two N = 3 superfields are nothing but a rewriting of the N = 4 
superfield. For the N 7^ 3 superfields there is no way of combining the $ and \I/ super- 
fields into one of larger N. In the following discussion, we will simply treat the N = 3 
theory as equivalent to the N = 4 theory. In supergravity there is a completely equivalent 
phenomenon associated with the Ng = 7 superfields which can be combined into that of 
■A/b = 8, 

$A/b=7 + m ^Ta=7 = $A/g=8 ^ (3 _ g ) 

so that also the Ng = 7 and Ng = 8 supergravity theories are equivalent. Actually, since 
we intend to construct the supergravity theories from gauge theories through super-KLT 
relations, we will only assume the equivalence of the N = 3 and N = 4 gauge theories. The 
equivalence of Ng = 7 and Ng = 8 supergravity theories is then an obvious consequence 
of the former equivalence. 

3.2 Diamond diagrams and the Ng < 8 KLT-relations 

In order to obtain N < 4 superfields from the N = 4 superfield, we set to zero or integrate 
out the unwanted 7y 's, as prescribed in eq. (|3.1|) and (|3.3|). Their resulting superfields can 
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be expressed graphically in terms of our diamond diagrams, as shown in figure [y. Because 
of the super-KLT relation between two M = 4 gauge theories to Mg = 8 supergravity, it 
is possible to write not only the superfields of supergravity theories with smaller Mg in 
terms of combinations of two gauge superfields, but also the supergravity super amplitude 
in those variables. 

The identification of the expressions for the Mn G ~ & superamplitudes will be done in 
terms of its embedding in Mg = 8 supergravity and the use of the canonical splitting of 
the SU(8)r indices into the two subsets 1, 2, 3, 4 and 5, 6, 7, 8, for the two super Yang-Mills 
superamplitudes A^f and A^f , respectively. So in general, we classify the external states of 
the supergravity superamplitudes into one of four representations, ($,<!>), (\l/,<&), ($,Vl/), 
which will be explained in greater details below (here <E> and ^ is just shorthand 
for and \E' -/V ', respectively). In particular, if M = 4, then $ = ^ and the number of 
representations is reduced by a factor of 2. 

By taking the KLT-product between two arbitrary superamplitudes we thereby get 



oi=A/"+i s s =Af+i 



r?^ +1 ,...,7? 4 ->0 



x^bl^U x 



r 8 8 

y n ^i,ai---n ^,^=^^71-1, 



n) 



4 



W+5>-,18-»0 



=W+1 



i™=JV+l 



oi=jV+5 



a m =jV+5 



x ^ ^= 4 (n-l,n,7,l)5[ 7 |/3] Pl ^ =4 (l,/3,n-L 

7,/3GS n _ 3 



^ +1 ,...,»74-^0 



4 4 

/ n ^A-n 



/!) 



il=AA+l a„=.Af+l 

8 8 

x n n ^a m ^ G=8 ($i,*2,..-,*n) 

ai=A^+5 a m =jV+5 



M *G<S _ 



(3.9) 



where the subscripts ,ifh) and (ii, . . . ,i m ) label the external legs given by \P and 

\P fields, respectively, fh < n and m < n. In the second to last step, we used the 
Mg = 8 super KLT-relation. A4^f G - 8 in the last line is the superamplitude for Mg < 8 
supergravity, obtained from Mg = 8 by setting to zero or integrating out unwanted 77's. To 
see this explicitly, we present the four possible superfields for an external leg k. 
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($>,$>): if k G" (ii,...,ifh) and k G" (ii,...,i m ), we set all %ft +v ■ ■ ■ , %,4 and 
r]k,j\f+5, • ■ • , f?fc,8 to zero, and the resulting superfield is 

^fc — ^fc l'7 &] ^ +1 »-,%,4;'7fc,Ar+s,-,%,8->0 • yo.LU) 

<!'): if k G (ii, . . . , 2„) and G (ii, . . . , i m ), we get another superfield 

< g= ^ = / n ^ n d ^< a=8 ■ ( 3 - n ) 

a=A?+l b=Af+5 

These two superfields combine to form a full SU(Mg) supergravity multiplet. 
<£): if k G (ii, . . . , im) and G" . . . , i m ), we have 

ef G= ^ = / J! ^X G=8 | W5 ,..,, fc ,s-0 • (3-12) 
a=jV+l 

($,*): k G" (ii, . . . and fc G (ii, . . . ,i m ), 



T M G =N + M = jj ^X-\ fcXf+1 ,.„,^0 • (3.13) 



8 

l'?*,j\r+i»-.%,4->o 

The latter two superfields combine to form an SU{Ng) matter supermultiplet, if 
M < 3 and M < 3. 

Thus Ai^f-- 8 ~. w . in eq. (|3.9| ) is the A/"g < 8 supergravity amplitude based on 

all four superfields , iJ/^g ; q^g anc [ pMs _ This completes the formal construction of 
all Ng < 8 super KLT-relations. 

Since the states of the supergravity theories arise from the tensor product between two 
super Yang-Mills states, we can also label the superfield of the pertinent supergravity theory 
by the tensor product of two gauge theory superfields through our diamond diagrams. As 
an example, we illustrate this by the diamond diagram of the Mg = 8 super KLT-relation. 
This is shown in figure ^[ From this we can very easily establish how all states of the 
Mg = 8 superfield arise from the tensor product; the one graviton state comes from 

(+1)®(+1) and (-1)0 (-1) , 

the 8x2 gravitino states rp from 

(+1/2) 4 ® (+1) , (+l)^(+l/2) 4 and (-1/2) 4 ® (-1) , (-1) ® (-1/2) 4 , 

the 28 x 2 vector states arise through 

(0) 6 ®(+l) , (+l/2) 4 ®(+l/2) 4 , (+1)0(O) 6 and (0)%(-l) , (-l/2) 4 ®(-l/2) 4 , (-1)»(0) 6 , 
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+2 




-2 



Figure 2: Diamond diagrams that demonstrates the matching of states in (supergravity)^ =8 = 
(super Yang-Mills) j^ =4 ® (super Yang-Mills)./v=4- The numbers inside the diamonds indicate the 
number of states on each line, and the number next to the dots indicate the helicities. Only the 
highest, lowest and zero helicities have been labeled explicitly. 



the 56 x 2 spin- 1/2 fermions \ are built out of 

(-1/2) 4 ® (+1) , (0) 6 ® (+1/2) 4 , (+1/2) 4 ® (0) 6 , (+1) ® (-1/2) 4 , 

(+1/2) 4 ® (-1) , (0) 6 ® (-1/2) 4 , (-1/2) 4 ® (Of , (-1) ® (+1/2) 4 , 
and finally the 70 scalars 

(-1) (+1) , (-1/2) 4 ® (+1/2) 4 , (0) 4 ® (0) 4 , (+1/2) 4 ® (-1/2) 4 , (+1) ® (-1) , 



where the superscripts denote the degeneracies of the states. This is exactly the field 
content of the Mg = 8 supergravity theory. The SU(8)r indices can be recovered by 
combining two sets of SU(4)r indices. This is shown in figure [IJ, 

In a similar manner we will now obtain all possible Mg < 8 supergravity theories that 
can be constructed from KLT products. We will explicitly work out their field content and 
the corresponding diamond diagrams. This gives us the complete table of supergravity 
theories obtained from tensor products of super Yang-Mills theories in four dimensions. 
We have for convenience summarized our results in table [l]. 

We can classify all of these theories into three categories. Category I consists of 
maximal Mg = 8 supergravity, its equivalent Mg = 7 supergravity theory, and the 
(M = 3) ® (M = 3) theory. Since their field contents are all the same, one must con- 
sider them as describing the same theory just encoded in slightly different ways. The super 
KLT-relations for these theories are equivalent to eq. (2.8). 

Category II contains all minimal supergravity theories with 4 < Mg < 8. These 
theories contain only the minimal supergravity multiplet (the one-graviton supermultiplet). 
They are given in terms of two diamonds (which arise from the two superfields <3? and \P) 
to describe the complete set of states. These theories all arise from the KLT product 
(M = 4) (8) (M < 2) (or (M = 3) <g) (M < 2) due to the equivalence between M = 3 and 
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3 


2® 1 


Mg = 3 Supergravity multiplet coupled to vector multiplet 


2 


200 


Mg = 2 Supergravity multiplet coupled to vector multiplet 


2 


1® 1 


Mg = 2 Supergravity multiplet coupled to hypermultiplet 


1 


100 


Mg = 1 Supergravity multiplet coupled to chiral multiplet 





0®0 


Einstein gravity coupled to two scalars 



Table 1: Full list of all possible supergravity theories that can be constructed from KLT-rclations 
of minimal super Yang-Mills theories with varying degree of supersymmetry. 



TV = 4). The corresponding super KLT-relations can be expressed as 



E ^«:.%) x swu x ^ 2 (<s mi , <^ ) , (3.i4) 

7,/3eS„- 3 

where the indices (ii, . . . , i mi ) and (ji, . . . ,j m2 ) denote the legs of the corresponding su- 
perfields and mi + mi = n. 

Category III includes the remaining theories: they describe minimal supergravity cou- 
pled to a variety of matter multiplets, and requires four diamonds to describe the full 
CPT-complete state space. This means that we have four kinds of superfields: <&-'!', and 
Q-T. The super KLT-relation can be compactly expressed as 



Jr. 



M N G =N + M^Na ^Ng qNg t Ng 

/ J n ^ Hi-Mi )'lr"i'm3' Jl )■ ■ ■ j^l > ■ ■ ■5^7713 ' 

7,/3es„_ 3 

x^H^x^^^...^,^, !m3 ) , (3.15) 



where again (h, . . . ,i mi ), (ji, . . . ,j m2 ), (fa, . . . , k m . A ) and (li,...,l ms ) label legs of the cor- 
responding superfields and mi+rri2+2m3 = n. Note that the number of superfields must 
match the number of T superfields, otherwise the SU(Mg)r symmetry will be violated. 

It is interesting to note that there are no KLT-maps (from minimal super Yang-Mills 
theories) that provide just minimal supergravity multiplets for Mg < 4: in all cases we get 
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supergravity coupled to matter multiplets. However, if we want to project out the subset of 
KLT-relations that would appear in these minimal supergravity theories we need to restrict 
the sum over indices on the right hand side of the KLT-relations. We can achieve such a 

lj for j = 1, . . . , m in eq. (p 



projection by making the restriction m = fh and ij - 

There are also vanishing identities for the M < 4 super Yang-Mills amplitudes that 
follow from these Mg < 8 super KLT-relations much like the ones in eq. (2.9) for the 
maximally super symmetric case. We will later see how to explain the vanishing identities 
from the point of view of less than maximal supersymmetry. 

We will now go through all the different cases summarised in table [l] using the diamond 
diagrams. The explicit expressions for the superfields can be found in Appendix [A[ 

3.2.1 Diamond diagrams for the Mg = 7 theory 
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Figure 3: Diamond diagram for (supergravity)7v" G =7 = (super Yang-Mills )^ =4 <g) (super Yang- 
Mills)jv"=3 • The two diamonds represent the $^ G=7 and <J/Afc=7 SU p e rfields, respectively. Note 
that there is a hidden SU(8)r index in the field, for instance, the negative helicity graviton state 

j g _2l234567(8) 

The KLT-product between M = 4 and M = 3 super Yang-Mills superamplitudes maps 
exactly to Mg = 7 supergravity. This is illustrated by the tensor product between the 
superfields represented by diamonds in figure^. The SU(M)r indices for component fields 
of the super Yang-Mills theories have already been shown in figure |]. The SU(Mg)r indices 
come from combining these two sets. The index "8" is now a hidden index in the M = 3 
diamond, and thus it is also a hidden index for the fy^ G=7 superfield, which is shown as 
the second diamond on the right hand side of figure |3|. From this it is easy to see that 



$ Y G =8 = $A/- G =7 + m ^G-- 



(3.16) 



which again displays the fact that Mg = 7 supergravity is just a rewriting of Mg = 8 
supergravity. Likewise, the content of the super KLT-relation for Mg = 7 is the same as 
the Mg = 8 version in figure just encoded in a slightly different way. 

3.2.2 Diamond diagrams for the Mg = 6 theories 

The case of (M = 4)<8> (M = 2) is rather straightforward. There is an exact correspondence 
between minimal Mg = 6 supergravity superamplitudes and the KLT-product between 
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Figure 4: Diamond diagram for (supergravity)w" G =6 = (super Yang-Mills) j^ =i ® (super Yang- 
Mills)7v=2- The two diamonds represent the $^=6 anc [ ^>Afc=6 SU p e rfields, respectively. There are 
two hidden indices (78) for the "J field. 



N = 4 and N = 2 super Yang-Mills superamplitudes. This gravity theory consists of 1 
graviton h±, 6 gravitinos tfj±, 16 vectors v±, 26 spin-1/2 fermions x± an d 30 scalars. This 
is illustrated in figure |j. 




-2 



Figure 5: Diamond diagram for (supergravity)w" G =6 = (super Yang-Mills)_^ =3 <g) (super Yang- 
Mills) J v'=3. The four diamonds correspond to the four superfields $^=6^ qJVg=6^ pA/G=6 an d 
^aa g =6_ The h^den indices are (4) for 6, (8) for T and (48) for f superfield. 

The case of (M = 3) (g> (J\f = 3) is more interesting. There will be four diamonds, as 
shown in figure from where it is straightforward to see that 

$A/g=8 = $A/c=6 + m Q^c=e + ^^=6 + W8 ^M G =6 _ (3 17 ) 

This is just a rewriting of maximal Mg = 8 supergravity. This is expected since N = 3 
super Yang-Mills is just a rewriting of N = 4 super Yang-Mills. However, using the 
aforementioned restriction m = in and = ij for j = 1, . . . ,m in eq. ([3.9|), we can project 
out the A/"g = 6 superamplitudes from the (ftf = 3) (g> (A/" = 3) product if desired. 

3.2.3 Diamond diagrams for the A/g = 5 theories 

There is again two cases to consider. The first one is from the product between N = 4 and 
M = 1 super Yang-Mills theory, see figure |6[ There is one (+2, +| 5 , +1 10 , +i 10 , 5 , — |*) 
supergravity diamond plus its CPT conjugate, and a total of 1 graviton h±, 5 gravitinos 
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Figure 6: Diamond diagram for (supergravity)jv r G =5 = (super Yang-Mills) tf =i <& (super Yang- 
Mills)jv = i . The two diamonds represent the <J>^ G=5 and \&Ng=5 superfields. The are hidden indices 
(678) for the * held. 

ip±, 10 vectors v±, 11 spin- 1/2 fermions x± an d 10 scalars. This is minimal Ng = 5 
supergravity. 




Figure 7: Diamond diagram for (supergravity )jVo=5 — (super Yang-Mills) v-_ 3 <8 (super Yang- 
Mills)jv-=2- The four diamonds represent the four superhelds $JVg= 5 , q./Vg=5 ; r Afc=5 and ^AT G =5 
The hidden indices are (4) for 6, (78) for T and (478) for 

The second case is obtained by tensoring N = 3 with N = 2, as shown in figure [7|. 
There are four diamonds, decreasing in helicity by half a unit. By recovering the hidden 
indices from the diagrams, one sees immediately that we can write 

So the four superfields of this theory are just a rewriting of the two superfields $^o =6 and 
vj/JVg=6 q £ m i n i ma i j\f G = g supergravity. 

3.2.4 Diamond diagrams for the Ng = 4 theories 

In this case we have three KLT constructions given by (N = 4) <g> (N = 0), (N = 3) <g) (Af = 
1) and (Af = 2)®(N = 2). The first one is shown in figure ||. It contains only a supergravity 
multiplet and its CPT conjugate, with a total of 1 graviton h±, 4 gravitinos ip±, 6 vectors 
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v±, 4 spin-1/2 fermions x± ancl two scalars. This is minimal Ng = 4 supergravity. It 
was this particular KLT-map that was recently used by Bern et al. to study finiteness 
properties of Ng = 4 supergravity [30]. 



+2 
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Figure 8: Diamond diagram for (supergravity)AA G =4 = (super Yang-Mills)jy- =4 <g> ( Yang-Mills) aT=q. 
The two diamonds represent the superfields ^ J ^ G=A and 4'- /v <3= 4 . There are hidden indices (5678) 
for the * field. 

The second construction is illustrated in figure |9[ As there is just half a unit of helicity 
between both the $-^g= 4 anc [ @A/g=4 SU p e rfields and the p^ G=4 and ^■ /v g= 4 superfields, 
we can readily recover the hidden indices, and reassemble these four superfields into 

$ A/b=5 = $A/G=4 + ^9^=4 j ^ G =5 = pAfc=4 + m ^G=* . ( 3 . 19 ) 

Indeed, this theory is nothing but a rewriting of minimal Ng = 5 supergravity. 
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Figure 9: Diamond diagram for (supergravity)7VG=4 = (super Yang-Mills) v-_ 3 C3> (super Yang- 
Mills)^! ■ The four diamonds represent the $^o= 4 , e^^ 4 , r-^ 4 and 47-^=4 supe rfields. The 
hidden indices are (4) for 6, (678) for T and (4678) for the ^ superfield. 



The third construction is shown in figure 1C. In contrast to the result of the previous 
two cases, this theory contains two extra diamonds besides the minimal supergravity mul- 
tiplet. These two diamonds of additional states cannot be reassembled into new superfields 



with higher Mg- Therefore, for the first time in our systematic approach we here have 
a case where in addition to a simple supergravity the KLT-map also provides us with a 
matter multiplet. In detail, besides the field content of the (N = 4) <g) (A/" = 0) theory, the 
additional matter fields combine to form a vector multiplet. It consists of 2 vector fields 
with helicity ±1, 8 fermion fields of helicity ±1/2 and 12 scalars. The resulting theory is 
Mg = 4 supergravity coupled to these matter fields. 
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Figure 10: Diamond diagram for (supergravity)^ =4 = (super Yang-Mills) jj =2 ® (super Yang- 
Mills)jv-=2- The four diamonds represent the ^= 4 , ^veiZt and superfields. 8 

and r correspond to CPT self-conjugate vector multiplets, but they have different sets of SU{A)r 
indices. The hidden indices are (34) for 8, (78) for T and (3478) for 



3.2.5 Diamond diagrams for the Mg = 3 theories 

There are two cases to consider. The first comes from the product {J\f = 3) (g) {M = 0), 



which is illustrated in figure 11. Superficially this appears to be a supergravity multiplet 
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Figure 11: Diamond diagram for (supergravity)7v" G =3 = (super Yang-Mills)^- =3 (g) (Yang-MillsA^=o- 
The four diamonds represent the four superfields $^g= 3 , e^" 3 , r A ^ G=3 and * A, '= 3 . The hidden 
indices are (4) for 8, (5678) for V and (45678) for 



coupled to a gravitino supermultiplet. However, we notice that the first two diamonds 
have a helicity difference of half a unit, likewise for the last two diamonds. Thus we can 
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reconstruct each of them into a bigger superfield by recovering the hidden index, i. e. 



<h 



A/b=4 



+ m 



+ m 



(3.20) 



The resulting theory is simply minimal Mg = 4 supergravity encoded in a slightly different 
way. This is as expected since M = 3 super Yang- Mills can be identified with M = 4 super 
Yang-Mills theory. 



The second case is (M = 2) <8) (Af = 1), see figure 12. Besides the usual field content 
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Figure 12: Diamond diagram for (supergravity) jv G =3 — (super Yang-Mills) jj =2 ® (super Yang- 
Mills)^! • The four diamonds represent the $^=3 ) 9^=^ T^ e G = 3 r and 4-^=3 8U p er fi e id s . The 
hidden indices are (34) for 9, (678) for T and (34678) for 

of minimal Mg = 3 supergravity, this theory has additional fields from the matter super- 
multiplet, which includes 1 vector field ±1, 4 fermion fields ±1/2 and 6 scalars. This is a 
theory of minimal Afc = 3 supergravity coupled to a vector mutliplet. 

3.2.6 Diamond diagrams for the Mg = 2 theories 

There are again two constructions to consider. The first one comes from the product 
(Af = 2) (Af = 0), as shown in figure This gives a theory containing a minimal 
Mg = 2 supergravity multiplet coupled to a vector multiplet. The supergravity multiplet 
contains 1 graviton h± , 2 gravitinos ip± and 1 vector \± > while the vector multiplet contains 
1 vector field of helicity ±1, 2 fermion fields of helicity ±1/2 and two scalars. 

The second construction is given by the product of (M = 1) ® (M = 1), as illustrated 
in figure 14. This provides also a theory of minimal Mg = 2 supergravity coupled to 
matter, but now to a hypermultiplet @ h y p ~ r , ^ hyper > which is different from the vector 
multiplet of the first construction. Besides the usual field content of the minimal Mg = 2 
supergravity multiplet, there are now also 2 fermion fields of helicity ±1/2 and 4 scalars 
from the hypermultiplet. 

3.2.7 Diamond diagrams for the Mg = 1 theory 

There is only one KLT-construction for this theory, namely (M = 1) ® (M = 0), and 
it is shown in figure 15. This is a theory of minimal Mg = 1 supergravity coupled to a 
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Figure 13: Diamond diagram for (supergravity)./v G =2 = (super Yang-Mills)_^ =2 <g) (Yang-Mills)./v=o- 
The four diamonds represent $^=2, Q^ e G c = 2 r , Y^ c Zl and ^ B = 2 . The hidden indices are (34) for 
6, (5678) for T and (345678) for 
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Figure 14: Diamond diagram for (supergravity)jv" G =2 = (super Yang- Mills) n- =1 ® (super Yang- 
Mills)jv-=i- The four diamonds represent the superfields $^g= 2 , Q^ p =? , T^ p =? and <J^g= 2 . Hidden 
indices are (234) for 6, (678) for T and (234678) for 



hypermultiplet. There is 1 graviton h± and 1 gravitino ip± from the supergravity multiplet, 
and 1 helicity-1/2 fermion field, as well as 2 scalars from the hypermultiplet. We can work 
out all the states from tensor product of the (super) Yang-Mills theories, while keeping 
track of both i?-indices and hidden i?-indices. We have 
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Figure 15: Diamond diagram for (supergravity)jv G =i = (super Yang-MiUs) rf =1 (g) (Yang-Mills) J v'=o- 
The four diamonds represent $^3=^ 8^=}, T^= a ) and ^0=1. T h e hidden indices are (234) for 
6, (5678) for T and (2345678) for 

and all states are thus completely identified. 

3.2.8 Diamond diagrams for the Mg = theory 

+2 



+1 +1 




• • 

-1 -1 

2 

Figure 16: "Diamond" diagram for (gravity)^/ G= o = (Yang- Mills) tf—n® (Yang-Mills)A/"=o- This 
is just the classic case of gravity as the square of two Yang-Mills theories. The origin of the two 
additional scalars is clear in the language of hidden indices. 

For the (A/" = 0) ® (M = 0) product the diamonds are reduced to simple dots, i.e. 
single states. We can still draw the "diamond diagram" shown in figure |l6[ This is 
Einstein gravity coupled to two scalars. The two scalars come from tensor product of 
(+1) <S> (-l^ 5678 )), (-l( 1234 )) <g> (+1). Although the scalars do not have explicit i?-indices, 
they do carry different hidden .R-indices. 

4. Symmetry groups of supergravity theories from super KLT-relations 

In this section, we will discuss the symmetry groups of the different supergravity theories 
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that can be constructed from KLT-products. Much of this may be found in the supergravity 
literature, but it is quite instructive to see the emergence of supergravity symmetries from 
the tensoring of two super Yang-Mills theories. 



4.1 Maximal supersymmetric theories 

For supersymmetric theories with M supercharge generators Q A , Qa, A = 1,2, . . . ,Af, it is 
possible to have an U (N)r group that rotates Q A or Qa- It is customary to decompose the 
U{M)r into U{M)r = SU{M)r <8> U(1)r. The Grassmann variables t\a transform under 
SU(M)r, and the super amplitudes should be invariant under such a transformation. This 
gives constraints on the SU(M)r indices of a given superamplitude. For both supergravity 
and super Yang-Mills theories, the SU(M)r group will surely be an invariant. 

Let us now first briefly review the lack of an additional non-trivial U(1)r group in 
maximally supersymmetric theories. If there would be a non-trivial U(1)r group for the 
N = 4 super Yang-Mills theory, then at least some of the component fields should carry 
non-vanishing U(1)r charges. It is obvious that we cannot assign non-trivial U(1)r charges 
to the gauge bosons (and such charges would be in contradiction with the existence of non- 
vanishing pure-gluon MHV amplitudes). We could also try to assign a U(1)r charge (3 for 
the scalars, but recall that the superfield for N = 4 super Yang-Mills theory is CPT self- 
conjugate. In our terminology, all states are inside one single diamond, as shown in figure [I]. 
The scalars in this diamond satisfy a self-duality relation under complex conjugation. As a 
consequnce, if we assign, say, U{1)r : charge j3 to the scalar <p 12 , then the scalar </> 34 = (</> 12 )^ 
will carry a U(1)r charge of — /3. Being states inside the same diamond, they should carry 
the same charge. This gives (3 = —(3, and forces all potential U(1)r charges for the scalars 
to vanish. Finally, could there be non-trivial U(1)r charges for the fermions? The Yukawa 
couplings to the scalars forbid these, since the scalars are neutral. From this argument 
one concludes that even if there is potentially a U(1)r symmetry group in M = 4 super 
Yang-Mills theory, all component fields have vanishing charges under this symmetry and 
it therefore plays no role. For a review of global symmetries in N = 4 super Yang-Mills 
theory, see [31]. 

A similar argument carries through for the maximally supersymmetric supergravity 
theory. Also here a crucial ingredient is that the superfield of Mq = 8 supergravity is CPT 
self-conjugate, so all states belong to one single diamond as shown in figure ^. The U(1)r 
charge for the graviton must be zero. The U(1)r charges for the scalars should also be 
zero, because scalars and their complex-conjugate partners are all inside the same diamond; 
they must hence carry the same U(1)r charges, which clearly forces all these charges to 
vanish. For the remaining fields we need to look at their interactions. In the present set- 
ting, this is actually most easily done by evaluating on-shell three-point amplitudes, which 
directly correspond to interaction vertices in the supergravity Lagrangian. In maximally 
supersymmetric supergravity, we find non-vanishing three-point amplitudes such as 

M(v-,X-,X-) = ^§^§ H12X13), (4.1) 
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which represents two Weyl spinors coupled to a graviphoton. Indeed, this is what in the 
Lagrangian corresponds to a helicity-changing three- vertex through a gauge invariant Pauli 
term. 

There is also 

M(ft>,X-,1>-) = ^T^^2 = (13>(23) 2 /(12) , (4.2) 

which is the derivative coupling for a scalar field to a gravitino and a spin-1/2 fermion. 
And another three-vertex corresponds to 

which is a scalar coupled to two graviphotons. Since all of these amplitudes (and their 
corresponding vertices) are non-vanishing, their total U(1)r charges must be zero. From 
the vanishing charge of the scalar and three- vertex M(cp, v~ , v~) we know that the U(1)r 
charge for graviphoton v with helicity — 1 should be zero. By further taking into account 
the three- vertex corresponding to the amplitudes Nt(v~ , x~ , X~) we assure that the U(1)r 
charge for graviphotino x with helicity —1/2 should be zero. Finally, from the three- 
vertex corresponding to X - ,^ - ) we conclude that U(1)r charge for the gravitino ip 
of helicity —3/2 should be zero. The same vanishing U(1)r charge must clearly be assigned 
to their complex conjugate partners. From this simple argument, we conclude that even 
if there is a potential U(1)r symmetry group for maximally supersymmetric supergravity, 
all the component fields will have zero U(1)r charge. So such a group can play no role in 
this theory either. 

The global linear symmetry groups of Ng = 8 supergravity and N = 4 super Yang- 
Mills theory are therefore SU(8) and S77(4), respectively. For Ng = 8 supergravity, there 
are also non-linear global symmetries, and the total global symmetry group is £7(7) [32]. 
However, the non-linear symmetries do not generate vanishing identities and they only 
manifest themselves in the soft limit of scattering amplitudes [33]. 



4.2 4 < Ng < 8 minimal supergravity 



For the minimal Ng = 4, 5, 6 supergravity theories, there are only supergravity multiplets, 
and therefore, in our notation, only the two diamonds representing the <3? and \& fields. 
Again there is a U(Ng)r group that rotates Q A and Qa, where A = 1, 2, . . . ,Ng- The 
SU(Ng)r group will for sure be an invariant group for the amplitudes, but what about 
the U(1)r group? Let us take the Ng = 6 minimal supergravity theory as an example, 
and discuss the role of U(1)r symmetry in such minimal supergravity theories. 

The diamond diagram for Ng = 6 minimal supergravity is shown in figure |4[ We can 
read off the explicit U(1)r symmetry of Ng = 6 by truncating the Ng = 8 theory. We 
remind ourselves that the component fields not only carry SU(6)r indices but also the 
hidden (78) indices. These hidden indices will appear in the component fields of the ^ 
superfield, and they always come out neatly joined. The generators of the symmetry group 
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V 



(4.4) 



acting on the i?-indices in the Mg = 6 theory are 6x6 matrices. They are embedded in 
the Lie-algebra of SU(8). Consider the following 8x8 traceless Hermitian matrix 

(a \ 

a 

a 

a 

a 

a 

£>77 Bjg 

B%7 Bg$ J 

which is divided into two blocks. The first 6x6 block acts on the i?-indices 1, 2, . . . , 6 and 
the second 2x2 block B, L j acts on the hidden indices (78). Since we are considering the role 
of the U(1)r symmetry, we take the first block to commute with all SU(6)r generators. It 
must therefore be a diagonal matrix proportional to the identity, and we write it as uIq x q 
in the above matrix. This will make each .R-index 1,2, ... ,6 correspond to a charge a. 
What is the effect of Bij acting on the hidden indices (78)? 

For a more general discussion, we will consider the effect of a k x k matrix B XijXj acting 
on the indices (x\,X2, • • • , £&)■ Since Grassmann variables rj are totally anti-commuting, 
this actually means a k x k matrix Bij acting on 7] Xl A rj X2 A • • • A rj Xk , where we consider 
the k Grassmann variables rj as spanning a superspace, with each r\ Xi being a basis vector 
Vxi = (0, . . . , 0, 1, 0, . . . , 0) T , and the 1 is in the i-th position. Then the matrix B^ acting 
on the basis vector r} Xi gives 

/ \ ( Bu\ 



/Bii 



B\k \ 



\Bk\ 



B 



2i 



BkkJ kxk \V \ B *iJ 



(4.5) 



so 



B{r] Xl A r) X2 A ■ ■ ■ A rj Xk ) = rj Xl A ■ ■ ■ A (Br) Xi ) A ■ • ■ A r/ ; 

i=i 

k k 

= A • • • A E fy^) A ■ ■ ■ A n 



k 



= ^2 71x1 A " ' A (BiWxi) A • • • A Vxk 



i=l 

k 



= £ Bu)(r] Xl A rj X2 A ■ ■ ■ A rj x J , 



which means that only the trace part of the matrix B^ is important when acting on the 
hidden indices. Note that this is true only when the hidden indices appear together, so 
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that they can be expressed as (r) xi A rj X2 A • • • A rj Xk ). If we denote j3 = Tr(Bij), we can 
then assign a charge of (3 to the hidden indices (x±, X2, ■ ■ ■ ,Xk)- 

Let us now return to the Ng = 6 minimal supergravity theory. For each i?-index 
1, 2, . . . , 6 we assigned a charge a, and for the hidden indices (78) we assigned a charge of 
p. Because of the traceless condition on SU(8) generators we have f3 = —6a. In this setup 
we can hence assign charges for all component fields through their SU(6)r and/or hidden 
indices. For the 3>-super field diamond we have 
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where a« = 1, 2, 3, 4, and 6j = 5, 6. For the * superfield we have 
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Since the ^ superfield is the CPT-conjugate of the <1> superfield, the charges of its 
component fields are opposite to the charges of their CPT-conjugated component partners 
in the superfield. This is exactly as one can read off from the above two tables in our 
Ng = 6 example. The charges of component fields within each diamond are different, 
which just means that this symmetry does not commute with supercharges. The freedom 
of choice of a corresponds to an additional U(1)r invariance group for superamplitudes. 
Combined with the SU (6)r invariant group, we infer that superamplitudes of Ng = 6 
minimal supergravity must be invariant under the larger U(6)r = SU(6)r <8> U(1)r group. 

Similarly, for minimal supergravity theories of 4 < Ng < 8, there is always a free- 
dom of assigning an abelian charge a to the component fields of these theories, and the 
superamplitudes are therefore invariant under the larger U(Ng)r = SU(Ng)r ® U{1)r 
group. 
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4.3 < Mg < 4 minimal gravity coupled to matter multiplets 

For < Mg < 4 supergravity theories, there will, besides the usual supergravity multiplets, 
also emerge matter supermultiplets from the KLT product. In detail, we have super- 
fields for the supergravity multiplets, and Q-T superfields for the matter multiplets. The 
U{Mg)r group that rotates Q A and Qa is still there, and the full SU(Mg)r group is an 
invariant group for the superamplitudes. In order to study other possible invariant groups 
for these kind of theories, let us consider (Mg = 4) = (M = 2) ® (M = 2) supergravity from 



the KLT-construction. The associated diamond diagrams are shown in figure 10, and there 
are hidden indices (34) from the M = 2 super Yang-Mills theory and (78) from the other. 
The SU(A)r indices for this Mg = 4 supergravity theory are then 1, 2, 5, 6. Consider now 
the following 8x8 matrix in the Lie-algebra of SU(8), 



(a 

a 

-B33 ^>34 
-B43 ^>44 

a 

a 

V 



\ 



C77 C78 



(4.6) 



Since we are again looking for the effects of ?7(1) subgroups, we take the 4x4 matrix of 
Mg = 4 supergravity, i.e. the matrix constructed from row 1,2,5,6 and column 1,2,5,6 
of the above 8x8 matrix, to commute with all generators of SU(4)r. It will thus be a 
diagonal matrix proportional to the identity al^xA, as already written above. Bij is a 2 x 2 
matrix acting on the hidden indices (34) while Cy is another 2x2 matrix acting on the 
hidden indices (78). From the previous discussion we know that only the trace part of B^ 
and Cij acts on the hidden indices. The indices (34) and (78) are not paired, so we should 
treat the two matrices separately. If we denote j3 = Tr(Bij) and 7 = Tr(CV,), then for 
each S'C/(4)ij -R-index 1,2,5,6 we can assign a charge a, while for (34) we assign a charge 
j3 and for (78) a charge 7. The condition of tracelessness of SU(8) generators implies the 
constraint 7 = — (3 — 4a. 

With this, we can now assign corresponding U(\) charges for all component fields in 
the <I>,0,r and $ superfields. More explicitly, for the $ superfield we have 
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where a, = 1, 2 and hi = 5, 6. For the superfield we have 
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For the T-superfield 
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and finally for the ^-superfield 
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From the charges of the component fields in these four superfields, we see that (1) The 
charge of the graviton h is indeed zero as it had to be, (2) The ^ and T superfields are 
CPT conjugate of the $ and G superfields, respectively, and thus the charge of a given 
component field is opposite to its CPT-conjugate partner in the corresponding superfield, 
(3) If we only consider the a charge and set f3 = 0, we see that component fields in 
each diamond have different charges corresponding to the usual U(1)r charge, (4) If we 
only consider the (3 charge and set a = 0, then there is an extra charge for the matter 
supermultiplet, and every component field inside the same diamond has the same charge 
j3 (or —f3 in the V diamond). This indicates that there is an extra U{\) invariant group for 
the matter multiplet that commutes with all supercharge generators Q a ,Qa- This U(l) 
group is different from the U(1)r group that comes from U{Ng)r rotations. 

From the discussion above we learn that there is an U{\)r invariant group from the 
freedom of assigning a charge a to the component fields of all supermultiplets, and another 
U(l) invariant group from the freedom of assigning a charge (3 to component fields in the 
matter multiplets. We conclude that the superamplitudes of the Mg = 4 supergravity 
theory considered here is invariant under the group SU (4)# ® U(1)r ® U(l). Similarly, for 
< Mg < 4 supergravity theories that describe minimal supergravity multiplets coupled 
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to matter supermultiplets, the superamplitudes are invariant under the group U{Ng)r <8> 
U(l) = SU(M G ) R ® U(1) R 17(1). 



4.3.1 Examples of SU(M g )r <8> ® Z7(l) symmetry 

In order to illustrate the impact of SU( ! N'g)r and the additional C/(1)_r (g) group on 
gravity amplitudes, let us start by considering some amplitudes of gravitons coupled to two 
scalars in the Mg = 4 supergravity theory constructed from two N = 2 super Yang-Mills 
amplitudes, see figure 1C. The hidden indices are (34) and (78), and SU{4)r i?-indices are 
1, 2, 5, 6. If we assign a charge a to each of the four SU(4)r i?-indices, and j3 for the 
hidden indices (34), then the hidden indices (78) will carry a charge of —4a — (3 because of 
the traceless condition of the generators of SU(8)r. Let us take the following two scalars 
from the S^tor diamond 

0! = ( ( 34 ))®(0 56 ), fa = (-l 12 ^) ® (+1) , (4.7) 

which carry the U(1)r charge 2a and U(l) charge /3. From the Sector superfield we pick 

3 = (O 12 )®(O( 78 )), 4 = (+l)®(-l 56 ( 78 )), (4.8) 

with U(1)r charge —2a and U(l) charge — /3. Consider now the following two-scalar MHV 
amplitude 

M^= 2 (fa,fa,h-, h+,... ,h+) , (4.9) 
where the two scalars fa, fa, with i,j = 1, . . . , 4, can be any one of the above four kinds of 



scalars in (4.7) and (fhq). This amplitude can be readily calculated from the KLT-relations, 



and the only two non- vanishing amplitudes are 

M^= 4 (fa,fa,h-,h+,...,h+) , M^=\fa,fa,h',h+,...,h+) , (4.10) 

which neither violates SU(4:)r symmetry or the conservation of U(1)r® U(l) charge. The 
first is constructed from products of two J\f = 2 super Yang-Mills MHV amplitudes with a 
scalar and its CPT-conjugated partner and all other legs being gluons. The second arises 
from two pure-gluon MHV amplitudes. All other of these two-scalar amplitudes vanishes, 
as can be easily inferred from the gauge theory part. The super Yang-Mills amplitudes 
either contain only one scalar or two of the same scalars. 

These vanishing two-scalar supergravity amplitudes can be explained from the violation 
of SU(A)r and/or U(1)r ® U(l) symmetry. For the following amplitudes 

M^=\fa,fa,h-,h + ,...,h+) , M^=\fa,fa,h-,h+,...,h+) , 
M^= 4 (fa,fa,h-,h+,...,h+) , M^= A (fa,fa,h-,h+,...,h+) , (4.11) 

SU(4)r is violated as well as U(1)r <X> U(l). For the amplitudes 

M^=\fa,fa,h-,h+,...,h + ) , M^=\fa,fa,h-,h+,...,h + ) , (4.12) 
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the SU(£)r is not violated, but the total U(1)r <8> U(l) charge is non-zero, and thus they 
vanish. For the amplitudes 

M^=\4>iA^h-X,---X) , M^ = \<h,<h,h-,h + ,...,h + ) , (4.13) 

the U(1)r (g> U(l) charge is zero, but SU(A)r is violated. 

The U(1)r and U(l) groups can also be violated individually. To illustrate this, let 
us have a look at some two-graviphoton coupled to graviton amplitudes. In the S^tor 
superfield, we have the graviphoton vf with charge (0 + j3) and with charge (4a + f3), 
while in the Sector superfield we have t;^" with charge (— 4a — /3) and with charge (0— f$). 

With this we can have non-vanishing amplitudes like 

M^= 4 (v+, v^,h-,h + ,...,h+) , M^=\v+, vz,h-,h + ,...,h+), (4.14) 

which satisfy both the SU{4)r symmetry and conserves both the U(1)r and the U(l) 
charge. However, it is easy to see that, for example, the amplitude 

Mn G=4 ( v i i v^,h~,h + , ... , h + ) , (4.15) 

does not violate the SU(4)r symmetry and conserve the U{1)r charge, but not the U(l) 
charge. Thus the violation of U(l) ensures the vanishing of this amplitude. Similarly, the 
amplitude 

M^ G =\v^,v^,h-,h + ,...,h+) , (4.16) 

does not violate the SU(4)ji symmetry, have zero U(l) charge but the U(1)r charge is not 
conserved, thus the violation of U(1)r implies the vanishing of this amplitude. 

4.4 Summary of the symmetry groups from the KLT-construction 

As shown in the examples discussed above, we see that the invariant symmetry groups for 
supergravity theories constructed out of KLT-products are directly linked to the type of 
diamonds for such a theory. In general there is U{Mg)r ~ SU{Ng)r and U(1)r symmetry. 
For theories of maximal super symmetry, or theories with exactly the same field content as 
maximal super symmetry, all component fields are forced to have vanishing t/(l)i? charge, 
and thus U(1)r plays no role in these theories. For theories with only supergravity multi- 
plets which are not CPT self-conjugate, component fields in the same diamond will have 
different U(1)r charges, and opposite U(1)r charges for the complex-conjugate partners in 
the CPT-conjugate diamond. For theories that contains matter supermultiplets, an extra 
U(l) group appears naturally. All component fields in the same matter multiplet diamond 
have the same additional U(l) charges, opposite to those of the component fields in the 
CPT-conjugate diamond. We list all possible supergravity theories constructed from KLT- 
products of super Yang-Mills theories in table [2], along with the invariant symmetry group 
that can be inferred from the KLT- product. 

Superamplitudes of the different supergravity theories are invariant under their symme- 
try groups, and both SU(Ng)r and U(1)r <8> U(l) symmetries induce vanishing identities. 
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Table 2: Field content of the supergravity theories that can be constructed from super KLT- 
relations, and their invariant groups as inferred from our diamond diagrams. The total number of 
states for specific component fields is obtained by adding states in the different diamonds of the 
given theory. The linear global symmetry groups for minimal 4 < Mg < 8 supergravities are also 
listed in [34] 



5. Conclusions 

In this paper we have identified all possible four-dimensional KLT-maps between gauge 
theories with decreasing supersymmetry to associated gravity theories with correspondingly 
decreasing degree of supersymmetry. For the case of M = 0, we recover the well-known 
map between pure Yang-Mills theory and Einstein gravity. That map is actually slightly 
larger in that also two scalars couple on the gravity side. These two scalars are the only 
remnants of string theory in that simplest case: the axion and the dilaton. The existence 
of this additional set of scalars and their corresponding conserved U(\) quantum number 
is the closest we get to a conserved i?-charge in that case. Conservation of this charge is 
what ensures the existence of "vanishing identities" among the pure Yang-Mills amplitudes 
when helicities do not match in the product of amplitudes. 

For theories with maximal supersymmetry to theories without supersymmetry, we have 
derived the full catalog of equivalences between gravity and gauge theories, and explored 
the linear symmetries that can be inferred from the KLT-map. The pattern is very in- 
teresting, and in particular for supergravity theories with Nq < 4, there are additional 
matter multiplets (the two scalars coupled to gravity in the Mg = case can be viewed 
as an example of this phenomenon). We have established the precise maps, with the aid 
of diamond diagrams that graphically illustrates the combination of states on the gauge 
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theory side into supergravity states on the gravity side. Again, the complete set of linear 
global symmetries builds up the full set of vanishing identities. 

Although the supergravity theories that follow from the gauge theory map may contain 
additional matter multiplets, one can readily project out those by fixing appropriate R- 
symmetry indices on the supergravity side. In this sense one can for, instance, construct 
minimal Mg = 4 supergravity from both (N = 4) <8> (M = 0) directly or from (N = 
2) (g) (Af = 2) together with the projection discussed after eq. ( |3.15| ). 

We have here restricted ourselves to KLT-maps between pure Yang-Mills theories with 
varying degrees of super symmetry. It could be interesting to explore corresponding maps 
based on Yang-Mills theories with matter fields as well. 
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A. Explicit expressions for superfields of Afa < 8 supergravity 

In this appendix we present the explicit expressions for the superfields we have represented 
by diamond diagrams throughout our paper. The superfields of supergravity multiplets 
will be denoted by and their CPT -conjugates by ty^ G . The needed matter multiplets 
will be denoted by and their CPT-conjug ates by T^. 

For the Mg = 7 theory, we have the (+2, +| ? , +1 21 , +^ 35 , 35 , -± 21 , -l 7 , -§) super- 
gravity multiplet diamond 



$ Mg=7 = ^ G=8 \m^o =h + + + E W+ + E Wfexf 

i=l i<j=l i<j<k=l 

7 7 

+ E ViVjmvifi 1 ^ 1 + E ViVjVkviVmX- Mm 

i<j<k<l=l i<j<k<l<m=l 
7 

+ E ViVjVkViVmVpV- klmp + rummmv^mm^ 1 - 3 ^ 1 , 

i<j <k<l<m<p=l 

(A.l) 



where the superscripts denote the the degeneracies of states. 
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We also have the (+§, +1 7 , +^ 21 , 35 , — ^ 35 , — l 21 , — | 7 , —2) supergravity multiplet diamond 



7*1(8) 



i=l *<i=l i<jr'<A;=l 

7 7 

ijkl(8) _ ^ ^ m m „ ijklm(8) 

t.V_ 



+ X] ViVjVkViX- - E ViVjVkVlVv 

i<j<k<l=l i<j<k<Km=l 
7 

,ijklmp(8) , 1234567(8) 

+ 2^ ViVjVkViVmVpV- - riimmmmv&mr 1 - 

i<j <k<l<m<p=l 

(A.2) 



For the A/"g = 6 theory, we have the (+2, +| 6 , +1 15 , +^ 2 °, 15 , — — l)-supergravity mul- 
tiplet diamond 

* AfG=6 = * MG =% 7 , m ^o=h + + E w?+ E w**xf 

1=1,2,3,4,5,6 i<j=l, 2,3,4,5,6 i<j<fc=l, 2,3,4,5,6 

+ E mVjVkVl^ 1 + E ViVjVkViVmX- klm 

j<j<fe<i=l,2,3,4,5,6 i<j<fc<Z<m=l, 2,3,4,5,6 

+ , (A.3) 

and the (+1, +^ 6 , 15 , — ^ 2 °, — l 15 , — | 6 , — 2) supergravity multiplet diamond 

f d m d m ^ s E ^xf 8) - E "'■"'■" /jl7S1 



1=1,2,3,4,5,6 i<j=l, 2,3,4,5,6 

Eijk(78) \ -> ijkl(78) 

riiVjVkX- ~ 2^ ViVjVkVlVv 

i<j<k=l, 2,3,4,5,6 i<j<fc<Z=l,2,3,4,5,6 

E,ijklm(78) , 123456(78) 

ViVjVkViVmV- - mmmmmmh^ 

i<j<k<l<m=l, 2, 3,4,5,6 

(A.4) 

We also have the (+|, +1 6 , +^ 15 , 20 , — | 15 , — l 6 , — |) gravitino supermultiplet diamond 

e^=6 = | d VA ^=\ 8 ^ = A 4) - E + E *™- 4) 



1=1,2,3,5,6,7 «<j=l,2,3,5,6,7 

- E w&w°'* (4) + E w^ (4) 

i<j<fc=l,2,3,5,6,7 i<j<fc<Z=l,2,3,5,6,7 

EijklmU) , ,123567(4) 
ViVjVkViVmv_ + riimm^mmv- 

i<j<k<l<m=l, 2,3,5,6,7 

(A.5) 
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and its CPT-conjugate gravitino supermultiplet diamond 



" 1 o o c c ^7 ^- „■ 



>i(8) 

1=1,2,3,5,6,7 «<j'=l, 2,3,5,6,7 

E ViVjVk<f> ljm + £ mvjVkViX- kl{8) 

i<j<k=l, 2,3,5,6,7 i<j<fc<«=l,2,3,5,6,7 

Eijklm(8) . ,123567(8) 
ViVjVkViVmV- + mmv3VbV6V7V- 

i<j<k<l<m=l,2,3,5,6,7 

(A.6) 

For the A/g = 5 theory, we have the (+2, +| 5 , +1 10 , +i 10 , 5 , — ^) supergravity multiplet 
diamond 

* AfG = 5 = * MG = 8 \ m , m , m ^o = h + + e w£ + E w?+ E w**f 

1=1,2,3,4,5 i<j=l, 2,3,4,5 i<j<k=l, 2,3,4,5 

i<j<fc</=l,2,3,4,5 

and the (+i,0 5 , — | 10 , — l 10 , — | 5 , —2) supergravity multiplet diamond 

V^ G =5 = f Yl dr]A ^0=S = _ x (678) + £ ^ (678 ) _ £ WiX «( 878 ) 

A=6 1=1,2,3,4,5 j<j=l,2,3,4,5 

\ -> ijfc(678) \ ^ ,ijkl(678) 

+ 2^ ViVjVkV_ - 2^ ViVjVkVl^- 

i<j<k=l, 2,3,4,5 i<j<k<l=l, 2,3,4,5 

+ ??l ? ?2??3??4%^ 1 - 2345(678) • (A. 8) 

There is also a (+|, +1 5 , +i 10 , 10 , — i 5 , —1) gravitino supermultiplet diamond 

e^= 5 EE [d m ^=X, m ^ = ^- E ^ 4) + E ™--*- (4) 



1,2,3,5,6 i<j=l,2,3,5,6 

E vwjm4>- k ^ ) + E ViVjVkVix-^ 

i<j<k=l, 2,3,5,6 i<j<fc<«=l,2,3,5,6 

- vimmv5V6^ 12356 ^ ) , (A.9) 

as well as the (+1, +^ 5 , 10 , — ^ 10 , — l 5 , — |) gravitino supermultiplet diamond 

..«,^J'(78) 



r^= 5 e= / ^ 7 ^ 8 ^=\^o = - ^ 78) - e ^i 78) - E w» 

J 1=1,2,3,5,6 i<j=l, 2,3,5,6 

Eijk(78) 
ViVjmx- - 2^ Viwm 

i<j<k=l, 2,3,5,6 i<j<fc<Z=l, 2,3,5,6 



??i^2??3%%V'i 2356(78) • (A. 10) 
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For the Ng = 4 theory, we have the (+2, +| , + 1 , +^ , 0) supergravity multiplet diamond 

i=l,2,3,4 i<j=l, 2,3,4 

+ E 7 iiVjVkX% k + mv2VsV4(t> 1234 , (A. 11) 

i<j<fc=l, 2,3,4 

and the (0, — — l 6 , — | 4 , —2) supergravity multiplet diamond 

*A/b=4 = /" ]J dr?A $Ar G =8 = ^(5678) + £ ^5678) + ^ W ^' (5678) 

^ A=5 i=l, 2,3,4 i<j=l, 2,3,4 

,ijfc(5678) . , 1234(5678) 

i<j<k=\, 2,3,4 

(A.12) 

There is also a (+|, +1 4 , +i 6 , 4 , — A) gravitino supermultiplet diamond 



e^ 4 = / dv^ MG = 8 \ m8 ^ = A 4) - E **? 4) + E wax? 



U(4) 

i=l, 2,3,5 i<j=l,2,3,5 



i<j<k=l, 2,3,5 

(A.13) 



and a (+ i, 4 , — A^, — l 4 , — |) gravitino supermultiplet diamond 



r^= 4 = f d m d m d m ^=X^ Q = - xf 8) + E ^ (678) - E w&x- 

" ~ 100c; ^- lOOC 



>j(678) 

i=l, 2,3,5 i<j=l,2,3,5 

ijfc(678) , 1235(678) 

Kj'<fc=l,2,3,5 

(A.14) 



as well as a (+1,+A 4 ,0 6 , — i 4 , —1) vector multiplet diamond 



pJV"G=4 

^vector 



i=l,2,5,6 »<j=l, 2,5,6 

ijfe(34) 1256(34) 



EijkdA) 12. 
ViVjVkX- - ViV2V5Vev_ 

i<j<fc=l,2,5,6 

(A.15) 

with its CPT-conjugate 

IS- [ dr, 7 dr, 8 ^=X 3 , m ^ = -t,?>- £ ^f 8) " E ^' (78) 

i=l,2,5,6 ?<j=l,2,5,6 

Ejjfc(78) 1256(78) 
ViVjVkX- - mmv5Vev- 

i<j<k=l, 2,5,6 

(A.16) 
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For the Mg = 3 theory, we have the (+2, +| 3 , +1 3 , +\) supergravity multiplet diamond 

^ G=3 = ® MG=8 \m,r, 5 ,r,6,vr,V8-+o = h+ + Yl ^++ E ViVjvX + mmV3xT , 

i=l,2,3 i<j'=l,2,3 

(A.17) 

and the (—5, — l 3 , — | 3 , —2) supergravity multiplet diamond 

8 

*Mj=3 = / JJ d VA ^0=S 

= x l 45678) - x; ^- 45678) + e w# 4HB8) -^i a(4M78) - (A.18) 

i=l,2,3 i<j=l,2,3 
Again there is also a (+|, +1 3 , +| 3 , 0) gravitino supermultiplet diamond 

©^ G=3 = / ^4^ G=8 |r, 5 ,, 6 ,, 7 ,, 8 ^0 

= ^ 4) -E^4 4) + E wxf** - mvm* 1 ^ , (A.19) 

i=l,2,3 j<j=l,2,3 

and a (0, — | 3 , — l 3 , — |) gravitino supermultiplet diamond 



r^=3 = J d V5 d V6 d V7 d m ^ G=8 \ m ^ 



= ^ + Y, ^- 5678) + E raw*™*) + mmv3^- 23i5678) ■ (A.20) 

i=l,2,3 i<j=l,2,3 

And there is a (+1,+| 3 ,0 3 , —5) vector multiplet diamond 

0^: 3 = J d m d m ^ G =\ 6 , m , m ^ 

= - *i 34) - E ^4 34) - E ~ mrnnx™™ , (A.21) 



i<j=l,2,5 



and a (+^, 3 , — — 1) vector multiplet diamond 

rfe 3 = J d m d V7 d m ^=X 3 ^ 

= - Xf 8) + E ^ (678) - E WiX^ + ^^i 25 ^- (A.22) 

1=1,2,5 i<j=l,2,5 

For the A/"g = 2 theory, we have the (+2, +| 2 , +1) supergravity multiplet diamond 

^ G =2 = ^=\ 2mm ^ = h++ ^ + %V ,5 + m%u 15 j (A 23) 
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and the (—1, — | 2 , —2) supergravity multiplet diamond 

^N G =2 = f drjA ft d VA ^=S 
-> A=2 A=6 

= _ ^(234678) _ ^1(234878) _ ^5(234678) _ ^^15(234678) ^ 



There is also a (+l,+^ 2 ,0) vector multiplet diamond 



e^ 2 - / d V3dm ^o=s lm ^ o = _ v m _ mx m) _ mx f*) _ mm ^ m (A 25) 



and a (0, — — 1) vector multiplet diamond 



r^: 2 - / n ^ G = 8 k^o = ^ + mxi (5678) + m 2 - (5678) + w i 2(5678) • 

a=5 

(A.26) 



Besides this vector supermultiplet, there is also a (+i,0 2 , — i) hypermultiplet diamond 



< G P :, 2 - / n %^ G=8 u,..,^o = -xf 4) + ^ l(234) + ^ 5(234) - m^ 5(234) , 

a=2 

(A.27) 



and its CPT-conjugate partner 

8 



<% 2 - / II dVa^=X,..., v ^o = -xf 8) + %0 1(678) + %0 5(678) - • 

a=6 

(A.28) 

For the A/g = 1 theory, we have the (+2, +|) and (— §, —2) supergravity multiplet diamond 
$N G =l = $^=8^ ^ = h++ mf pl + t (A . 29) 

9*0=1 = j fl drjA ^0=S = _^(2345678) + ^ ^(2345678) ? ^ 
J A=2 

as well as the (+|,0) and (0, — \) chiral supermultiplet diamond 

4 



eS - / II ^^l*,.,,.-* = -xf 4) + ^ 1(234) , (A.3i) 

^ a=2 

r^rJ - / f[ ^^U,...,^ = ^ (5678) + ^ 5678) • (A.32) 

J K 



Finally, for the theory without any supersymmetry (the "JVg = 0" theory), the "superfield" 
contains only one single state. This is the graviton 

^ G=0 = ^ AfG= \ 1 ,..., v ^o = h + , (A.33) 

V«G=0 = ff[ dvA ^G=S = ^(12345678) {A M) 
J A=l 

as well as the two scalars discussed at length in the text, 

,...,,s-o = (1234) , (A.35) 

,...,^o = (5678) • (A.36) 
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